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Introduction: Groups as Random Objects

Conjecture (Cohen-Lenstra, 1984)

As K ranges through imaginary quadratic fields, ordered by
discriminant, 1
P(Clk[p>] = G) o TAU(G)|

7,/ p?Z occurs more frequently than Z/pZ x Z/pZ.
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Random Abelian Groups from Random Matrices

Theorem (Friedman-Washington, 1989)

Suppose the coefficients of M, are independent Haar distributed
random variables in Zp. As n — oo, we get a limiting probability
distribution on finite abelian p-groups that satisfies

1
P(C) > Zute)
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Random Abelian Groups from Random Matrices

Theorem (Friedman-Washington, 1989)

Suppose the coefficients of M, are independent Haar distributed
random variables in Zp. As n — oo, we get a limiting probability
distribution on finite abelian p-groups that satisfies

1

P(C) > Zute)

Theorem (Maples, 2013; Wood, 2015)

Suppose the coefficients of M, , are non-degenerate identically
distributed random variables °. Then the same conclusion holds.

aDegenerate: constant modulo p
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[llustration

Example (A Bernoulli random matrix - "White Noise”)

ooo0oo011 11111
o111111 1001
o111 011001 1
o1too0oo0o111110
11110001010
1000O0O0O0OO0T1TT1 1
10010100101
10110000100
10101001110
000O0O0OT1TT1TO0OO0OT"11
1111000100 1
Entries are 0 or 1 with probability 1/2.
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Group Theoretic Point of View

Observation

The cokernel map is GLn(Zp) x GLn(Zp) invariant. We will use this
action. In fact, we will only need the right action of SLp.

From now on, replace Z,, with Z./p"Z for some r >> 1.

A column vector of M » is approximately uniformly distributed
modulo the other column vectors of Mpp.
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Column Replacement Estimate (Lindeberg, Tao-Vu)

The total variation distance between

m1,n h1,n
Moy | 0 | /St and | Moy | 2| /SLa
h

is at most O,(e~°").

Corollary

dTV (F[ Mn,n ] 7F

F can be the cokernel, the determinant, the span.

‘Haarnn

) < O,(e~ ).
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Other Local Rings (e.g. quotients of power series

rings, extensions of Zp)

Motivation for considering random matrices over other local rings:
e Random models for class groups of fields with a Galois action.

e Random models for Iwasawa invariants
(Ellenberg-Jain-Venkatesh).

e To understand det(A — Ix) for random matrices.

Observation

Universality fails if every entry belongs to the maximal ideal, or if every
entry lies in a sub-ring of R.

A\

Universality holds for i.i.d. random matrices over any finite local ring
R, assuming that the support is not contained in the translate of a
sub-ring, or the translate of an ideal of R.

.
il = = — Ty
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Ergodic Averages

hi1 | iz | g | hia | his
hot hoo | hog | hog | hos
h31 hso hs3 | h3g | h3s
hstr hap has  has | has
hs1 hsp hs3 hsq hss

Theorem ("Ergodic Friedman-Washington”)

1
nII_>r20 E Z 1 (coker(Haar; I) G) #Aut( )

Remark

An analogous statement holds for the determinant. An analogous
statement holds over general finite local rings R.

| N\

= =
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Ergodic Universality

My | M2 | M3 | Mg | M5
Mp1 Mo | Ma3 | Mag | Mos
Mgy Mgz Mgz | M3g | M35
Ma1 Mgz M43 Myyg | Mys
Ms1 Msp Mgz Msg  Mss

Theorem ("Ergodic Universality”)

1
,,';";o;,Zﬂ eoker(Mi)26) X ALt G)

Remark

Analogous statement holds with the cokernel replaced by the
determinant, and with Zy replaced by any finite local ring.
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Thank you!
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